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Abstract: We give several ways of constructing new nondegenerate affine hypersurfaces in IWn+’ 
starting from some given proper or improper affine spheres. The resulting hypersurfaces can be 
forced to have nice properties, if the original affine spheres are chosen appropriately. In this 
way we obtain new examples of nondegenerate locally homogeneous affine hypersurfaces and 
of proper and improper affine spheres. We also discuss the properties of the affine metric of 
the hypersurface, such as the curvature or completeness. Finally we discuss the relation with 
projective transformations. 
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1. Introduction 
Twenty years ago, Calabi introduced a construction whereby two hyperbolic affine 
hyperspheres are composed to a new hyperbolic affine hypersphere [2]. Intrinsically, 
the new hypersphere is the product of the two original ones and a one-dimensional 
factor; the affine metric is the product metric, up to constant scaling factors. Cal- 
abi’s construction is very useful for constructing hyperspheres satisfying some extra 
condition, see for instance [lo]. Th e construction can be copied for arbitrary proper 
affine spheres, and we will recall it briefly. In his paper Calabi also indicates that the 
composition of two homogeneous hyperbolic affine spheres yields again a homogeneous 
hyperbolic affine sphere. It was the study of homogeneous affine hypersurfaces that led 
us to analogous constructions that are the subject of the present paper. 
Whereas Calabi’s construction produces new examples of affine spheres, our con- 
structions give hypersurfaces that in general are not affine spheres, but whose shape 
operator is simple, for instance the eigenvalues of the shape operator are constant for 
all examples we obtain. Another difference is that the affine metric on the composed 
hypersurface intrinsically is not always the product metric, but can be a warped prod- 
uct. However, the affine metric always has nice curvature properties. Our constructions 
yield a wide variety of new affine hypersurfaces with nice properties. In particular, 
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we obtain a large class of homogeneous hypersurfaces. In fact we will show how to 
obtain a homogeneous hypersurface starting from two particular homogeneous affine 
spheres in many ways. We feel this class of hypersurfaces are an ideal testing ground 
for conjectures. 
As an interesting special case of one of the constructions, we find a procedure of 
obtaining a proper affine hypersphere, starting from any improper affine hypersphere 
(of lower dimension). If the original improper sphere has vanishing sectional curvature, 
then the resulting proper affine sphere has constant nonzero sectional curvature and 
vanishing Pick invariant. Other special cases give procedures of obtaining improper 
affine spheres starting from one or two arbitrary improper affine spheres in a non 
trivial way. 
We will follow quite closely the notations of [15], to whom we refer for an introduc- 
tion. We will denote the affine metric by h, the induced affine connection by V, the 
affine normal by < and the Levi-Civita connection of 1% by 5. We also recall the follow- 
ing definition [6]. We call a nondegenerate hypersurface A4 of the equiaffine space R”+r 
locally homogeneous if for all points p and q of M, there exists a neighborhood U, of 
p in M, and an equiaffine transformation A of lV+l, i.e. A E SL(n + 1,R) K IRn+l, such 
that A(p) = q and A(U,) c M. If 47, = A4 for all p, then M is called homogeneous. 
Let G be the pseudogroup defined by 
G = {A E SL(n + 1,IR) K IR n-i-r 13.5’ open in M : A(U) c AI}, 
then M is locally homogeneous if and only if G “acts” transitively on M. If M is 
homogeneous, then G is a group and every element of G maps the whole of M into M. 
The germ of this paper was contained in the first author’s talk at the Affine Differ- 
entialgeometrie Conference at the Mathematisches Forschungsinstitut Oberwolfach in 
February 1991. Both authors would like to thank the organizers I(. Nomizu, U. PinkalI 
and U. Simon for the invitation and all participants for the discussions leading to the 
paper in the present form. 
Before recalling the Calabi-composition, we first discuss a relation between a class 
of homogeneous functions and homogeneous proper affine spheres. 
2. Homogeneous functions and proper affine hyperspheres 
Suppose F : U C Rn+l - IR is a differentiable function and let GF be the subgroup 
of SL(n + l,lR!) leaving F invariant, i. e. g E GF if and only if F(g) = F. Let h4 be a 
connected component of the level hypersurface of F in IRn+l with equation F(z) = 1. 
We suppose that 
(1) F is homogeneous of degree d 
and 
(2) GF acts transitively on M. 
Proposition 1. Under the assumptions (1) and (2)) M is a homogeneous proper afine 
hypersphere, centered at the origin. 
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Proof. The proposition can be proved as [20, Theorem 4a]. We however give a short 
proof here without referring to the Legendre transform, but based on Sasaki’s proof. 
Let M be a hypersurface of IRnS1 with equation F(z) = l-no condition on F yet. We 
define a function 4~ by 
where D is the usual connection on lR n+1 Then, by a straightforward calculation, M . 
is a proper affine hypersphere, centered at the origin, if and only if 
for all z = (Xl,..., x,+1) E A4 where c is a nonzero constant and Fi is the partial 
derivative of F with respect to s;. If F is homogeneous, then by the Euler identity, we 
obtain that A4 is a proper affine hypersphere if and only if ?#F is a nonzero constant 
on M. Let g E G,P, then it is easy to see that $F(gz) = $F(z). Now suppose that F 
satisfies the second condition. Since GF acts transitively on M, this implies that +F is 
constant on M. Obviously A4 is homogeneous. Cl 
It is known that an elliptic affine sphere with complete affine metric is an ellipsoid 
[3], so every homogeneous elliptic affine sphere is an ellipsoid. In [20], Sasaki shows that 
every closed hyperbolic affine hypersphere is asymptotic to the boundary of an open 
convex cone, a result also obtained by Cheng and Yau [4]. If moreover the cone is a 
homogeneous cone, then the characteristic function of this cone satisfies conditions (1) 
and (a), and the hypersphere is a level hypersurface of this function. Sasaki’s result, 
in combination with Li’s result that every complete (with respect to the affine metric) 
hyperbolic affine sphere is closed [9], h s ows in particular that our method produces all 
homogeneous hyperbolic hyperspheres. But we also get other non hyperbolic and non 
convex examples. The two basic classes of proper affine spheres are produced by the 
following two functions. 
Example 1. Let F be the quadratic function 
Then F satisfies conditions (1) and (2), with GF = SO@, R. - p + 1). 
Example 2. The function 
@1,22,... , %+1) = 21x2 a.. 5,x+1 
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again satisfies (1) and (2), with 
GF = 
an 
1 
ar . ..a. 1 / I al,...,% ER, . 
A third example is given as follows. 
Example 3. Let s(n) the set of real symmetric matrices and let u be the action of 
SL(n,IR) on s(n), given by 
cr : SL(n,R) x s(n) + s(n) : (A,X) H aA(X) = AXTA. 
Let F : s(n) + II8 : z H det X. Then each a~ E GF, and since the action 0 is transitive, 
F satisfies conditions (1) and (2). We elaborate a little bit further on this example. 
In particular we consider the hypersurface of s(n) with equation det X = l/an and 
we take the connected component M that lies in the open set of s(n) consisting of all 
positive definite symmetric matrices. Then the mapping 
is a submersion onto M and satisfies f(AB) = flA(f(B))-hence f is equivariant. We 
also have that M is the orbit of $1 under the action u. The isotropy group is SO(n). 
Hence M is diffeomorphic to SL(n,R)/SO(n). It is known that this is an irreducible 
symmetric space, the involution at I is given by A H TA-l. We denote this symmetric 
space by M’. Clearly f(A) = f(B) if and only if B-‘A E SO(n). If r is the natural 
projection n : SL(YL,lR) + M’, then there is an immersion f’ : M’ -t s(n) such that 
f= f’(+TheC ar an t d ecomposition of sl(n,~) is given by sl(lz,R) = mu-l-o(n), where 
mu is the set of symmetric matrices with trace zero. If z E mu then fan = I. Now mu 
can be considered as the tangent space of M’ at n(l). 
Since f is equivariant, it is sufficient to compute the invariant objects of the immersed 
hypersurface M’ in terms of me. Let x,y E mo, then the induced connection on M’ is 
given by V,y = zy+yz-2 tracery and the affine metric by h(z, y) = c tracexy, where c 
is a positive constant. Hence h is up to a constant scaling factor the natural Riemannian 
metric on the symmetric space M’. This implies that the Levi-Civita connection of h is 
given by eZy = 4 [x,y]. F rom this it follows easily that the difference tensor K satisfies 
eZKz~ = 0. From the fact that M = f’(M’) is an alfine sphere, we get that ?K is 
totally symmetric [l], and hence by polarization ?K = 0. 
If F is a homogeneous function that does not satisfy condition (2), then the hyper- 
surface with equation F(z) = 1, does not have to be a proper affine hypersphere. There 
exist however homogeneous functions F that do not satisfy condition (a), but whose 
level hypersurfaces still are proper affine hyperspheres (non homogeneous of course). 
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For instance if F is given by 
F(u,x,y,z) = uz - zy - u21n(~/u), 
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W) 
Then the hypersurface with equation F(u, cc, y, z) = 1 is a proper affine sphere, but not 
homogeneous, since the group GF, which is given by 
GF= ((lj, ;c l;b ;) ,b,c~R, b>O), 
clearly cannot act transitively on the hypersurface. This example is a special case of a 
more general class of proper affine spheres, which will be further discussed below. 
3. Calabi’s composition formula 
Let x r : 441 + IwP+l and 52 : M2 4 IRq+’ be proper affine hyperspheres, centered 
at the origin, then the Calabi composition of x1 and x2 is the hypersurface of IIBP+g+2, 
defined by 
z : A4 = R x Ml x A42 + Rp+q+2, 
(G7311PL2) H (e-*x~(7nl),e~x2(m2)). 
If we suppose for simplicity that 21 and 22 are normalized so that the affine normal 
vector fields of Mr and A42 are given by x1 and 22, then M (or X) is again a proper 
affine hypersphere with affine normal cx, where c is a constant, given by 
cp+q+3 = b+ W’(q + l)q+l 
(p + q + 2)p+q+2 * 
We only give the Calabi composition of two spheres. The same construction can be 
done for more factors, details are left for the reader. 
Example 4. If Mr is given by the equation Fl(z) = 1 and A42 is given by the equation 
Fz(y) = 1, where Fl and Fz are homogeneous functions of degree dr and d2, then A4 
is given by 
Fl(x)%-b2(y)% = 1, FI(x) > 0 and Fz(y) > 0, (3-l) 
where (5, y) = (xl,. . . , zp+l, ~1,. . . , yq+l ) are coordinates on P’+q+2. Examples of this 
type are 
(6+1 - ~5:)p+‘(Y&1 - &)‘” = 1 (3.2) 
i=l i=l 
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(3.3) 
while the hypersurface corresponding to Example 2 itself is already a product of two 
similar hypersurfaces. 
We now return to the general case. If hr and h2 are the affine metrics of Mr and 
Mz, then the affine metric h of h4 = Mr x 442 x I?4 is given by the product metric 
1 1 
h = C(p+ l)(q+ 1) 
&2 X 1 p + ’ 
cptqt2 
hrx.! q+l 
cptqt:! 
hp. 
From this formula it is clear that h is definite if and only if hl and h2 are both positive 
definite, hence if and only if Mr and M2 are both hyperbolic affine spheres. In this 
case, A4 is also hyperbolic. 
Remark 1. As a corollary, we have that the affine metric of M is flat if and only if 
the affine metrics of Mr and 442 are flat. This explains why the hypersurfaces with 
equation 
or 
(z$ f y,2)@ f y,“) . . . (xi f y;> = 1, 
as considered by Magid and Ryan in [12] are affine spheres with flat affine metric. 
Also the Example 2 has flat affine metric. In fact, it is the only locally strongly convex 
hypersphere with constant sectional curvatures which is not a quadric, see 1211. 
Let Xi,l$,... denote vector fields tangent to Mi, i = 1,2, and let Vi denote the 
induced connection of M;. We will denote the lifted objects to M in the same way. 
Then the induced connection V of M is given by 
V&h = v;,ti -(q-l- l)ch(X1,Y,)-& 
TJx,y2 = vgz t (p+ l)cqX2,Y2);, 
vx, x2 = V&X, = 0, va”= P-q 
Fzat (pt 1)(q+ l)k7 
V&X, = -1x1, 
P+l 
V&3X2=- 1 x2. 
X q+l 
From the expressions of h we can also determine the Levi-Civita connection ? of h, 
and the difference tensor K = V - 9 in terms of the Levi-Civita connections ?r and 
e2, of hl and h2 and of I<’ and I<“. For the derivative ?K we find the following 
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(VxJ)(~A) = (q&)(Yl,Zl), 
(YY,qY2,z2> = (Q~2)(yz, Z2), 
and all other combinations give zero. Hence we have the following proposition. 
Proposition 2. Let M be the Calabi-composition of the proper afine spheres Ml and 
M2. Then ?A’ = 0 if and only if e’I<’ = 0 and e2K2 = 0. 
Let M’” be the convex connected component of the hypersurface with equation 
k 
N xf,p,+l - ~x:j)pi+l(yl.. .yq+*)2 = 1, 
i=l j=l 
where n = ‘&(p; + 1) + q. Th en M satisfies GIi = 0. For dimensions n = 2,3,4, 
these are, together with the quadrics, the only locally strongly convex hypersurfaces 
with e.lr’ = 0, see [11,5,8]. This is not true for n = 5, a counterexample is given by 
Example 3, since in this example, M’ is irreducible and does not have constant sectional 
curvatures. 
Now we assume that Ml and M2 are homogeneous. Let Gr and G2 be the groups 
acting transitively on Ml and M2. From [6, Proposition l] we know that Gr c SL(p + 
1,IR) and G2 c SL(q + 1,IR). We claim that the Calabi-composition M of Ml and M2 
is also homogeneous. Let G be the subgroup of SL(p + q + 2,R) given by t 
G= 
e-P+‘g, 0 
t ]grEGr, gzEG2andtER 
0 emg2 
Then G is a group which acts transitively on M. Hence the Calabi-composition M of 
Ml and M2 is also homogeneous. 
4. Composition of improper affine spheres 
Let Ml and M.2 be two improper affine hyperspheres in Rp+’ and Iwq+l respectively. 
We assume that both Ml and Mz are normalized so that the affine normal of Ml in 
JRP+’ is (O,...,O,l) and the affine normal of Mz in IRq+’ is (0,. . . ,O, 1). Then Ml is 
given by the equation xp+r = Fr(zr ,..., zP) and Mz by yq+r = Fz(yr,_ ..,yq), where 
Fl : Ul c lRP--* R and F2 : U2 c EV + R both satisfy the Monge-Ampere equation. If 
we write an improper affine sphere as graph, we will always assume that the function 
satisfies the Monge-Ampere equation, without stating it every time. 
We define the composition of Ml and M2 as the hypersurface of RP+q+2 with equation 
(xp+l - 4(x1,. . . , ~p>>p+2(Yq+l - Fz(wc . . . , Y~))~+~ = 1, 
where (xr 7 - * * 3 xp+17 Yl? * - * 7 Yq+l) are the coordinates of RP+q+2. 
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To be completely correct, we take the connected component that satisfies 
2p+1 - J@l, * * * 7 zP) > 0 and yq+r - &(N,. . . , yq) > 0. The other components can 
be treated similarly, they are in fact included when we change some signs. 
A parametrization x of M is given 
z : I!4 x u1 x u, + Rp+q+2, 
(WI,... ,Xp,Yl,-,Yqb-+ 
by 
( Xl,...,Xp, qx1, * ..,~p)tes~,Yl ,..., yq,F2(y1,... ,yq)-teh). 
Let [ be the transversal vector field on M, defined by 
t= (0 ,..., O,e-h,O ,..., O,eh), 
then it can be checked by easy computations that the affine normal vector field is given 
by c[, where c is given by 
cp+q+3 = (P •t 21p+'(q t v+l 
(P t q t 4)p+q+2 ’ 
The affine shape operator obviously has the following expression 
s(&) = s(g) = O, 
s(g) = 4;. 
If hl and h2 are the affine metrics of Mr and Mz, then the a&e metric h of M = 
R x Ml x M2 is given by 
1 1 
h= qPt2)(qt2) 
&2 x 1 p + 2 
cp+q-t4 
e&h1 x - ’ q+2 e-&h 
cptqt4 
2, 
In other words, h is a warped product metric, in the sense of [14]. We recall that 
h&&Y) = g& and h2(&&) = &g 
The induced connection V is given in coordinates in the following way. 
V a ; = c(p+2)h(&&);, 
3i-z y.i I 3 
8 
v&TE= 
P-q 
(pt 2)(qt 2);’ 
and all other combinations are zero. 
'W s! 
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starting from a certain point of M, say (0,. . . ,O, l,O,. . . ,O, 1). 
(0 )...) O,l,O )...) 0,l) 
1 Yt,o,o 
( 0 ,..., O es,O ,..., O,eh > 
1 gO,a,b 
-t t 
a, ep+2 + $aIT,P_r Ta, b, em + $bIs,,_,Tb 
> 
, 
where gt,u,u and go& are given as above. In this way we do not have to check that the 
set {gt,0,07 gO,a,b} is a group. 
Also in other cases the composition of homogeneous hypersurfaces can give again a 
homogeneous hypersurface. For instance if we take the Cayley surface 23 = x152 - $z:, 
then we can compose this with, for instance, a paraboloid, another Cayley surface, or, 
considering the easiest case, a point. Then we get the composition M with equation 
(x3---1z2t 92) 24 - ’ 3 4 2 - 1. Let G be the group of equiaffine transformations of lR4 given 
G= 
e-2t emtb 0 0 a 
0 ewt 0 0 b 
e-2tb edta e-3t 0 ab-lb3 
0 0 0 e6t O3 
0 0 0 0 1 
then G acts transitively on M. Using a diagram as above, this means 
(OYO, 1,l) 
1 gt,o,o 
(0,0,e-3t,e6t) 
1 gO,a,b 
(a,b,ab- $b3 + e-3t,e6t). 
If we take the homogeneous improper affine sphere discovered by Nomizu and Sasaki 
[17] with equation 23 = 21x2 + In ~1, then it can be checked that for instance the 
hypersurface of R4 with equation (23 - 21x2 -I- In zr)“x~ = 1 is not homogeneous. The 
reason is that it is impossible to go from the point (l,O, 1,l) to (l,O, Q, l/(r2) by an 
equiaffine transformation leaving M invariant. In terms of the diagram, this means we 
can not make the first step. 
5. Composition of improper affine spheres-revisited 
There is a second way of composing improper affine spheres, which is almost trivial, 
but we indicate it anyway. Let Mr and M2 be improper affine spheres, with equations 
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zp+1 = h(%... , xP> ad Yq+l = ~(YI, . . . , yq). Then we define a new improper affine 
sphere h4 in I!JP’+q+l by 
z = Fr(z,,. ..,2,)+F2(Yl,...,Yq). 
The affine normal of M is given by (0,. . . , 0,l). Obviously, the affine metric is the 
product metric. 
If A41 and A42 are homogeneous, then M is also homogeneous. Indeed, if Gr and G2 
are the groups generating Mr and M2, then Gr acts transitively on every hypersurface 
Zp+l = Cl +~l(%..*, xP) and similarly for G2. Hence homogeneity of A4 is proved in 
the following diagram. 
(0,. . . ) o,o, .. . ) 0, u) 
1 
(~l~...,~p,~,...,~,~l(~l,...,~p)) 
1 
(%-4prYl,-, Yq,Fl(sl,...,zp)+F2(Yl,...,Yq)), 
where it is obvious which transformation is applied at each level. In this way one can 
construct various homogeneous improper affine spheres. 
6. Composition of improper and proper affine spheres 
Let Ml be an improper affine hyperspheres in IRP+’ with (0,. . . (0, 1) as affine normal, 
so that Ml is given by the equation zP+r = Fr (~1,. . . , xp), where Fr is defined on an 
open subset U of Rp. Let y : Mz + IRS+’ be an improper affine sphere with y as affine 
normal. Then we define the composition of Mr and A42 by the immersion 
x : lR x u x A42 + IfRp+q+2, 
1 
(t,xl ,..., x1),31)- ( 
-- 
x1 ,..., xp,Fl(xl ,..., xP)+e pi2 , e2(q+21 y 
> 
. 
Let [ be the transversal vector field on M, defined by 
E = (o,..., - O,e_h,e2(9:2)y > , 
then the affine normal vector field is c[, where c is given by 
cp+q+3 = zq+‘(p + qp+yq t qq+’ 
(p + 2q + 4)p+q+2 ’ 
such that the affine shape operator has the following expression 
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where X is a vector field tangent to M 2, or rather its lift. If hr and 1~2 are the affine 
metrics of Ml and Mz, then the affine metric 1~ of M = Iw x Ml x M2 is given by 
1 1 
h= :2(P+2)(q+ 1) 
&2 x 1 p+ 2 
cpt2qt4 
e&h1 x 1 2(q+ ‘) h2 
cpt2qt4 * 
Also the induced connection can be computed as before. This is left to the reader. 
If M2 is given by the equation Fz(y) = 1 and F2 is homogeneous of degree d, then 
M has the equation 
(zP+r - F&, . . . ,z,))~+~F~(Y~, . . . , Y,+~)~(S+~)/~ = 1. 
In particular, 
( %+I - ; ~x~)““(y~+l _ kg?)q+l =1
i=l i=l 
and 
( zp+1 - ;e ":)p+2~YlYz...yq+1)2 = 1, 
i=l 
(64 
(64 
are of this type. 
Again, in general, if Ml and M2 are homogeneous, then M does not need to be 
homogeneous. However, if Ml is a paraboloid and M2 is homogeneous, then M is 
homogeneous. Suppose G2 is the group acting transitively on M2, x E IRq+l and M2 = 
G2(2). Then the diagram looks as follows. 
(0 ,...,O,l,x) 
1 Rt 
0 ,..., 0,e-h,e2(qt+z) 2 
> 
1 
( a, e& + $aIT,p_r ‘a ,e20 x > 
1 
( 
a, es t ~aIr,p--r Ta, e2(qy2) g2(x)), 
where Rt is the special linear transformation with matrix 
1 
-- 
e 2(P:21 JP 0 0 
Rt = 
t 
0 e-p+2 0 ’ t 
0 0 e2oI VI-l 1 
and where the transformations to be applied in the second and third step are obvious. 
Hence in particular the examples (6.1) and (6.2) are homogeneous hypersurfaces (with 
a convex connected component). 
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7. Semi-projective composition of two improper affine spheres 
In this cha.pter, we discuss a third way of composing improper affine spheres. At a 
certain stage one of the improper spheres in some weird way starts to play the role of 
a proper sphere. Since there is some juggling with projective transformations involved, 
but it remains nevertheless an affine subject, we call this composition semi-projective. 
Let Mr and M2 be improper affine hyperspheres in IRK+’ and Rq+r, given by zcp+l = 
4(% . . ..xp) and yq+l = F~(YI,... , yq). We define the composition of Mr and it42 as 
the hypersurface of RP+q+2 with equation 
(Y- Ji(%.. .,qJ - zfqy&, . . . ,yq/q+q+2zq+2 = 1, (74 
where (xl,..., zP,y,yl ,... , yq, z) are the coordinates of iRP+q+2. (To be completely ex- 
act, we again have to restrict to the points where ,z > 0 and y - Fr(zr,. . .,xp) - 
ZFZ(Yl /z, * . . , yq/z) > 0.) A parametrization z of M is given by 
x : Ii% x 1/r x [J2 - JP+qt2, 
(t, 21, * * *, xp, Yl, * * * ?Yd - 
( 
-~ 
Xl,..., xp,e FJ+~+~ •t FI(xI,. ..,~,)te~Fz(y~,...,y~), 
t 
e*yI,... ,ep+2yq,eh . 
> 
Let [ be the transversal vector field on M, defined by 
[ = (o,..., O,e-A +ehF2(yl,..., y,),e*yl,.,., ehy,,eh), 
then the affine normal vector field is given by ct, where c is given by 
$+q+3 = (P + 4 + 2)p+q+1(q  2) 
(p + 2q + 4y+q+2 * 
We remark that in the expression of 6 the position vector field of M2 shows up, hereby 
showing a first glimpse of properness; a further indication is in the expression of the 
affine shape operator : 
s(&) = O, 
If 111 and It2 are the affine metrics of Ml and M2, then the affine metric h of A4 = 
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IR x Mr x h4;! is given by 
1 1 
h = %+2)(p+q+2) 
dt2 
so again, h is a warped product. 
An interesting special case is the following. If p = 0, so Ml is a point (Fr can be 
taken zero), then all goes through, but from the expression of the shape operator we 
find that h4 then is a proper affine sphere. The equation (7.1) reduces to 
y/z - z2F2(yr/z,. . . , yq/z) = 1. (7.2) 
Therefore, formula (7.2) gives a way of obtaining a proper affine hypersphere in TW~+~ 
starting from an arbitrary improper affine hypersphere in IRq+r. We stay with this 
special case for a while. 
Suppose the improper hypersphere M:! has flat affine metric h2. We know that the 
affine metric h of h4 is the warped product 
1 1 
h = c (q + 2)” 
dt2 x $e%h2, 
such that the curvature tensor E of the warped product can be computed using [19, 
Proposition 7.421 
d d 1 
R x’at Ft= -(7z+q2 -( > X = -ch(&$ 
ii(&X)Y = -ch(X,Y)-& 
ji(X,Y)Z = -c(h(Y,Z)X - h(X,Z)Y), 
where X, Y, 2 denote lifts of vector fields tangent to Mz. We conclude that h4 has con- 
stant sectional curvature -c. From the affine theorema egregium [15, Proposition 5.31, 
we obtain that the Pick invariant J = 0. Using [15, Proposition 5.11 we even obtain 
that Kx and Ky commute. So we obtain in this way a proper affine hypersphere with 
constant sectional curvature which is analytically very near to a quadric (recall it is 
given by a non polynomial homogeneous equation of degree two). 
Remark 2. If h2 is complete and flat, then we can assume that M2 is (intrinsically) 
isometric to l.Rl, where s is the signature of h 2. If s = 0, then Mz is a paraboloid 
and M a hyperboloid, If s > 0, then (M, h) is not complete. Indeed, as can be seen 
easily, (M, h) is isometric to the Poincare upper half space model for the hyperbolic 
space, which is incomplete in the indefinite case (this also gives an alternative proof 
of the constant curvature property without referring to the warped product structure). 
Compare also with the Beem-Buseman example, cf. [19, Example 7.411. 
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Similarly, if Mz is Ricci-flat, then M is an Einstein manifold, in particular the Ricci 
tensor of M is -(cq)h. If M2 h as vanishing scalar curvature, then M has constant 
scalar curvature -q(q + 1)~. 
Restricting for instance to q = 2, we obtain in this way a whole class of proper affine 
spheres of Iw4 with constant nonzero sectional curvature. If we take Mz as the improper 
sphere given by ~3 = yry2 + f(r~2), then M2 has flat affine metric, and if we construct 
M as above, we get a family of hyperspheres with equation 
.tY - YlY2 - z”f(y2/4 = 1. (7.3) 
This shows that the main theorem of [13] is no longer valid if the Pick invariant is zero. 
We now return to the general case, and look at the homogeneous character of the 
construction. In general if MI and MZ are homogeneous, M does not have to be homo- 
geneous. Indeed, exampIe (2.1) is a special case of (7.3) by taking the Nomizu-Sasaki 
surface as Mz. We therefore restrict to the case where both Ml and M2 are paraboloids, 
say Fr = $( -XCf -. - z,” + x;+1 +...-l-~g)and F2= 3(-y12--..--_y,2+y~++1+...+yq2). 
Then M is given by 
(v-F~(~l,... , xP) - l/z F2(y1,. . . , IJ,J)P+~+~z~+~ = 1. t 7.4) 
To show that M then is homogeneous, we will embed IwP+q+2 into the real projec- 
tive space IwPP+q+2 in the standard way. Let u be the improper coordinate, then the 
hypersurface z of IwPP+q+2 corresponding to M is given by the homogeneous equation 
(YZU. - 4@1, - . . , qJ - aF2(~1,. . . , yp)) 
p+q+2 = zpuk 
, 
where b = 3(p + q + 2) - p. 
(7.5) 
Now let’s start from a point z = (0,. . .,O, l,O,. . .,O, 1) in Rp+‘J+2. Let Ct be the 
equiaffine linear transformation of IwP+q+2 given by 
e-Z353 7 
*, 
0 0 
0 
t 
Ct 0 e-p+4+2 = p? 0 
’ 0 0 eG+9+2)(9+2) 1, 0 
0 0 0 e& 
then it can be seen immediately from (7.4) that Ct leaves M invariant. The first step 
in the diagram then is 
(0 )...) O,l,O )..., 0,l) 
1 Ct 
( 0 7’.‘, O,e-A,0 ,..., O,eh > . 
Now we put IwP+qt2 in Ii% PP+qt2, 
with e-t/(‘J+21. 
and multiply all homogeneous coordinates of C,(X) 
Th en we consider z as the new improper coordinate, and consider the 
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corresponding affine space i%P+qf2. 
M2 in the following way 
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In this new affine space &+g+2 we now reproduce 
0 ,..., O e-he&,0 ,..., O,eS > 
1 
( 0 ,‘.‘, O,e-he& + $bIs,q_,Tb,b,e~). 
Then we transform everything back to the original affine space RP+qS2, this means we 
add the improper coordinate, multiply all homogeneous coordinates again with et/(q+2) 
and change the improper coordinate. A diagram will make it clearer. If we box a 
coordinate, this means that it is the improper coordinate. 
(0 )..., O,l,O ,...( OJ) 
1 Ct 
( 
0 ,..., O,e-*,O ,..., 0,eh 
) 
1 put in RPP+q+2 
( 
0 ,‘“, 0,e -- ,..., O,eh,m) p+i+2 ,O 
1 
( 
0 0 e-&e&,0 ,..., O,m,es ,***, I > 
I G 
( 
0 ,..O,O,e-he& + jbIs,q_,Tb,b,~,e~) 
1 
( 
0 ,**., O,e-h + ~e~bI~,,_,a,e~b,e~,~) 
1 Ca 
( 
a,e-h + $zI,,,_,~u+ ~e~bIsq_,‘b,e~b,e~ 
) 7 
where the last step is added to make the construction complete. We denote the com- 
position of arrows 2,3,4 and 5 by Cb. 
We have to check that C, and Cb are equiaffine transformations leaving M invariant. 
This is easy for C a, so we concentrate on Cb. Since Cb leaves the z- and u-coordinate 
unaffected, it is clear that each C’b is an affine, even an equiaffine transformation. To 
see that it leaves M invariant, we rewrite (7.5) as 
(u(!P - I;i(Yl, . . ..Y.))-ZF1(21,...,Z,)) p+q+2 = ZPuka 
While executing Cb, the z-coordinate is the improper coordinate, so z = 1 for the 
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points under consideration. Rut the u- and z;-coordinates are not affected, and y - 
~2(Yl,.-4) is invariant. Hence Cb leaves M invariant. 
We have showed that M is homogeneous if 441 and M2 are both paraboloids. Also in 
other cases, M can be homogeneous. If for instance Mr is a point and M2 is the Cayley 
surface, then the semi-projective composition h4 of 441 and 442 is a homogeneous proper 
affine 3-sphere. It is a special case of (7.3) and has equation 
1 = zy - y1y2 t &&z. 
Homogeneity follows from the diagram 
WA 1) 
1 ct 
(et, O,O, emt) 
1 
(e2t tab- $a3,a,6,11(,et) 
(et eet(ab - 563),e-ta,e-tb,e-t,~), 
where CL is the special linear transformation 
As remarked above, M is not complete. Moreover, M is not closed in R4. Indeed, M 
is an open part of the hypersurface M’ of R4 with equation 
z = z2y - zy1 y2 t ;y;. 
As can be seen fairly easy, the plane z = 0, y2 = 0 is a subset of M’ and all points 
of this set are degenerate. Summarizing’all the information, we have an example of a 
proper affine sphere which has constant sectional curvature, is globally homogeneous, 
but which is not complete and not closed. 
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8. Semi-projective composition of more improper affine spheres 
Using the techniques of the previous section, one can compose more improper affine 
spheres. We do not go into details here, but restrict ourselves to giving some exam- 
ples. The generalization to an arbitrary number of components and the details of the 
computations are left to the reader. 
Let Ml, A42 and A43 be improper affine hyperspheres in IwP+l, IiXq+l and IW~+~ given 
by Q+I = FI(Q,...,~~), yq+l = J’~(YI,...,Y~), and G+I = &(zI,...,G-), using the 
same notations as in Section 4. We define a hypersurface M of Rp+q+rf3 by 
(Y- wh,.. .,zp) - UF~(Y1/21,. . .,yq/u) - vF3(4v,. . .,z7/w))p+q+r+2 
. @+2g+2 - 1 - 9 
where (~1 ,.-.,2p,Y,U,Ylr...,Yq,~,~l,..., zT) are the coordinates of IRp+q+T+3 and 
again the appropriate connected component has to be considered. The shape opera- 
tor then has a zero eigenvalue of multiplicity p, and a nonzero constant eigenvalue of 
multiplicity q+ r+2. Hence if p = 0, then the hypersurface A4 is a proper affine sphere. 
So this is another way of obtaining a proper affine sphere starting from two improper 
affine spheres. The simplest case q = T = 1 gives a hypersurface of IR5 with equation 
(y - ;y;/?L - ~z;/w)vw3 = 1, 
which is a homogeneous hyperbolic (when taking the convex component) affine sphere. 
In general, if iM1, M2 and A43 are paraboloids, then M is homogeneous, as can be 
checked exactly as in the previous section. 
9. Indefinite semi-projective composition 
Let Ml and h42 be improper affine hyperspheres in LRp+l and IRq+‘, given by zp+l = 
K(n, * * * ,xp) and yq+l = Fdyl,..., yq). We define a hypersurface h4 of Rp+q+3 by 
the equation 
where (x,51 ,..., zp,z’,y~ ,..., yq, y) are the coordinates of IF’+q+3. A parametrization 
of h4 is given by 
(6 21, . . ..2p.Yl,.**, yq,b) c--) 
(t, tz1, *. .,t~p,bt+~~(~1,...,~p)t,yyl,...,~q,b+~2(y1,...,yq)). 
Surprisingly, there are two different cases here : p = q and p # q. 
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Case 1. p # q. In this case, let k = (q - p)/(p + q + 4) and let t be the transversal 
vector field on M, defined by 
t= (0,o )...) O&k,0 )..., 0,&t’;-‘), (94 
then the affine normal vector field is given by c[, where c is given by 
c= 2(P+WP-d 
1 (P+vw2 . 
The shape operator 5’ has the following form 
q&. = s(&) = s(g) = 07 
s(g) = -ct”-lg-, 
such that 5’ has rank one, but can not be diagonalized. If hl and 112 are the affine 
metrics of MI and M2, then the affine metric h of A4 is given by 
h = ;k( 1 - k)t-“(dt db) x ;I;( 1 - k)t’-“hI x ;k(k - l)t”-‘h2, 
so again, h is a warped product. In particular, h is always indefinite. 
Case 2. p = q. If p = q, then M is an improper affine sphere, with affine normal vector 
field t = (0,O ,..., O,l,O ,..., 0,O) in the direction of the z-axis. The affine metric h of 
A4 is given by 
h = (dt db) x th, x (-t)h2. 
In both cases, if Ml and A42 are paraboloids, then M is homogeneous. For simplicity 
we assume that both Ml and A42 are convex. The equation of the hypersurface is then 
given by 
t= ;(kx:),xt (y-;&:)r. 
i=l i=l 
We will add an improper coordinate u and change the improper coordinate to x. The 
new affine space is denoted by i%‘+q+3 and the corresponding hypersurface by z : it 
has equation 
*u2 = ;(~x;)u’t (yu+&). 
i=l i=l 
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Boxed coordinates in the following diagram 
(LO )..., o,o,o )..., O,O,ll) 
1 Ct 
(t,0 )...) o,o,o ,...) O,O,/ll) 
Vrancken 
are improper. 
1 change the improper coordinate 
(Ill,0 )...) o,o,o )...( o,o,t-‘) 
1 c,, a E lRP 
(I,(L&%,O )...) o,o,t-1) 
lC6, bEJR 
(~,I,,g,%+6,0 ).“) 0,bt-Q-1) 
1 change the improper coordinate 
(4 tu, + taTa+bt,O,..., 04,~) 
1 Cd, d E IW~ 
(t,ta,+Tu+bt,d,b+ +dTd,l). 
Here Ct is the equiaffine linear transformation of RP+q+3 given by 
t 0 0 0 0 
0 t(~+wq, 0 0 0 
Ct = 0 
1 
0 t" 0 0 7 
0 0 0 t@-lW'I 4 0 
0 0 0 0 tk-1 1 
where k: = (q-p)/(ptqt4), C, and Cd are clear, and Cb is the equiaffine transformation 
in EP+‘J+3 (with coordinates (~1,. . . , s+,z, yr, . . . , yq, y, u)!) given by 
z’=z+b, Xi = 2;, u’ = 21, 
y’ = y t bu, y: = y;. 
It is easy to check that Ct and Cd leave M invariant and that C, and Cb leave z invari- 
ant. Hence A4 is homogeneous. Note that Ct leaves the vector (O,O,. . . ,O, l,O, , . . ,O, 0) 
in the direction of the z-axis invariant in case p = q. This explains why we get an 
improper affine sphere in this case, as we will show in the remainder of this section; an 
explicit explanation is given in Corollary 1. 
Lemma 1. If M is a locally homogeneovs nondegenerute hypersurface and if there is 
a vector field Z along M such that 
(1) Dx Z is tangent for all X tangent to M, 
(2) g,Z = 2 for all g E G, 
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then Z is a constant multiple of the ufine normal. 
Proof. At every point p E M we can decompose the vector field 2 into a tangent and 
a normal component : 
Z(P) = T(P) + f(P)E(P). 
Now let g E G and take p such that g(p) E M. Then 
(9.2) 
.q$(P)) = 9*(Z) = 9*T(P) + f(P)$*[(P) = 9*T(p) + f(P)!39(P))Y 
and on the other hand 
Z($(P)) = T(9(P)) •t f($(PM(9(P)). 
Comparing tangent and normal components we find that f(g(p)) = f(p) and since G 
acts transitively on M, this means that f is a constant function fO. Deriving (9.2) we 
obtain 
DxZ = VxT + h(X,T)< - f&S.% 
for every tangent vector field X. Since M is nondegenerate, we get that T = 0, and 
therefore that 2 = fut. Cl 
Corollary 1. If A4 is a locally homogeneous nondegenerate hypersurface and if there 
is constant vector z that is invariant by each g E G, then z is a constant multiple of 
the afine normal and hence M is an improper afine sphere. 
The proof is immediate. 
Corollary 2. If M is u locally homogeneous nondegenerate hypersurface. Then G c 
SL(n t l,R) f i an only if M is a proper uffine sphere. d 
Proof The “only if” part is [6, Proposition 11. We prove the converse. Let 2 be the 
vector field along M defined by Z(p) = p. Then for each g E M we have 
$*(Z(P)) = $*P = 9(P) = Z($(P)). 
The proof then follows straightforward from Lemma 1. Cl 
10. Indefinite semi-projective composition-revisited 
A slight variant of the construction in the previous section is given as follows. Let Ml 
and M2 be as in Section 9. We define a hypersurface M of RP+‘J+3-same coordinates 
as in Section g-by the equation 
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A parametrization of M here is given by 
(6 Xl 7.*.,~p,Yl,***, Yd) H 
(6 ix17 . . ..tz.,bt+J’l(zl,..., xp)t,ty~ ,..., ty,,b+tFz(yI ,..., yp)). 
Here again are two different cases: p = 0 and p # 0. 
Case 1. p + 0. In this case, let b = -2p/(p + q + 4) and let [ be the transversal vector 
field on M, defined by the same formula as (9.1). Then the affine normal vector field 
is given by c& where c is given by c = L(k - 1). The shape operator S has the same 
expression as in Case 1 of Section 9. The affine metric h of M is given by 
h = ;L( 1 - k)t-k(dt db) x ;k( 1 - k)t’-“hl x ;k(k - l)t2-“h2, 
so again h is indefinite. 
Case 2. p = 0. If p = 0, then M is an improper affine sphere, with affine normal vector 
field < = (O,l,O,... ,O,O). The affine metric h of M is given by 
h = (dt db) x (-t2)h2. 
If 112 is flat, then also h is flat. 
In both cases, if Mr and M2 are paraboloids, then M is homogeneous. The diagram 
is similar to the previous one, but we change back to the original improper coordinate 
only at the final step. For simplicity we again assume that both Ml and M, are convex. 
The equation of the hypersurface is then given by 
Z= @x:)lxt (yx-;ky:). 
i=l 
We use the same notations as in Section 9. 
(1,O )...) o,o,o ,..*, O,O,l) 
1 Ct 
(t,0 )...) o,o,o )...) 0,OJT-J) 
1 change the improper coordinate 
(I,0 ,...) o,o,o )...) o,o,t-1) 
lCb,b~R 
(I,0 ,..., O,b,O ,..., O,bt-‘,t-l) 
1 &,d, aERPand dell@ 
(I, a, $u7u + b, d, bt-’ + ;d’d, t-‘) 
1 change the improper coordinate 
(t, tu, $x?z $ bt, td, bt + $td’d,(ll) 
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Here Ct is the equiaffine linear transformation of lRr+‘J+3 given by 
t 0 0 0 0 
0 t(k+*Wf po 0 0 
Ct= 0 0 t” 0 
0 0 0 WI 9 0 
-0 0 0 0 
0, 1 tk-1 
where k = p/(p-l-q+4), Ca,d is clear, and Cb is exactly as in Section 9. Homogeneity can 
be checked from this. Note that Ct leaves the vector (0, l,O,. . . ,O, 0) in the direction of 
the z-axis invariant in case p = 0. This explains again why we get an improper affine 
sphere. A more general explanation is given in the final section. 
The constructions in Section 9 and 10 can be changed slightly, so that we obtain 
two new types of hypersurfaces with equations : 
(2 - 6(0/G . . . ,L?+)x - (y - F&/1,. . . ,yq))“)p+q+%p-q = 1, 
and 
(2 - fi (Xl/G . . . ) zp/2)5 - (y - zF2(y&, . . .) yq/z))q+~+%p = 1. 
The shape operators take exactly the same forms as for the hypersurfaces in Sections 
9 and 10. The computations are left to the reader. In both cases, if 441 and A42 are 
paraboloids, then A4 is homogeneous. The equations then become 
and 
(*- ;(&lQc- (y- ;~y+)p+q+4zP-9 = 1, 
i=l i=l 
(*-f(~~~),~-(yz-~~yf))P+q+22P=1. 
i=l i=l 
Details and computations are left to the reader. 
11. Changing an affine sphere projectively 
If Y = F(Yl , . . . , yq) is an improper affine sphere, then y = u2+ F( yr , . . . , yq) is also an 
improper affine sphere of one dimension higher. Making this equation homogeneous by 
adding an improper coordinate z, we get the equation yz = u2 + z2F(yr/z,. . . , yq/z). 
Then changing the improper coordinate, we get yz = 1 + z2F(yr/z,. . . , ye/z), i.e. 
exactly the equation (7.2). H owever, this does not explain why the new hypersurface 
is a proper affine sphere. Indeed, if a hypersphere of Rn+r remains a hypersphere after 
every projective transformation, it is a quadric [18, Theorem 61. 
Nevertheless, also the example of Section 10, Case 2 can be obtained in a similar 
fashion. Indeed, if y = F(yr , . . . , yq) is an improper affine sphere, then y = UY,+~ + 
F(YI,. . . , yq) is also an improper affine sphere of two dimensions higher. Making this 
equation homogeneous, we get the equation yz = zly,+r + z2F(yl/z,. . . , yq/z). Then 
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changing the ilnproper coordinate, we get Yz = Y4+l + z2F(Yl/z,. . . , yp/z), i.e. exactly 
the hypersurface in Section 10, Case 2. 
Since in some special cases, projective changes of affine spheres give again affine 
spheres, we study this in more detail. So let RF’ n+1 be the real projective space with 
homogeneous coordinates (20,. . . , x,+1). We consider two affine spaces in IRP”+l : 
Rn+l = RP+’ \ (20 = 0} and kn+l = RP”+’ \ {x,+1 = 0). Then yi = xi/~, i = 
1 , . . . , n + 1 are afIine coordinates on lRn+l and z; = ~/x,+1, i = 0,. . . , n are affine 
coordinates on $+*. Let M be a hypersurface of I@*, and suppose that M does not 
intersect the hyperplane yn+l = 0. Then M can also be considered as a hypersurface of 
kn+l. Let (D,w) be an equiaffine structure on Rn+l and (5, W) an equiaffine structure -_ 
on Wn+l, then D and D are projectively related, in particular 
E,Y = DxY +p(X)Y +p(Y)X, where 
1 
pc1=- --dy?z+1* 
Yn+l 
Moreover, w and W are related by i;l = (-Y~+~)-(“+~)w. Using the same method as 
[NP] we get the following relation between the affine normals t and z on M, seen 
Rn+’ and in+l respectively : 
in 
in 
where U is a vector field tangent to M determined by the condition h(X, U) = p(X) for 
all vector fields X, tangent to M, where h is the affine metric of M. We now consider 
the two examples of the beginning of this section with this formalism. 
(I) Let M be given by 
Yl = fyi+1 + ~(Y&...,Y7J, 
where F satisfies the Monge-Ampkre equation. Then 
+-& U=-‘d-d 
Yn+1 dY,+1 8Yl 
and r= gzi&. 
i=o 
So M is a proper affine sphere in En+l. 
(2) If M is given by 
~1 = Y~+IY~ t F(~z,...,~n-1), 
where F satisfies the Monge-Amp&e equation. Then 
So M is an improper affine sphere in kn+l. 
Remark 3. Using some imagination, one can combine the constructions given in the 
previous sections, or do the construction with more components, and get new examples 
of hypersurfaces. We give the following three examples: 
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(1) Let F(zr,.. . , t,+l) = 1 be the equation of a homogeneous proper affine sphere 
with F homogeneous of degree d. Then 
1 q 
“f-2, Yj” C> 
p+9+2 
~q+~F(q,. . . ) z,+p+l)ld = I 
i=l j=l 
is a homogeneous hypersurface, so one can compose with a proper affine sphere. 
(2) Let 1Mr, A42, MS and MJ be improper affine hyperspheres in IwP+l, RQ+l, Rr+l 
and I@’ given by zp+l = FI(Q,. . . , xp), yq+l = &(YI,. . . , yq), vq+l = E&v,. . . , G) 
and 2o,+r = F~(w1,. . . , w,), using the same notations as in Section 4. We define a 
hypersurface A4 of RP+q+r+s+4 by 
(21 - Fr(~r/ur,. . . 7 q&l 1% - F2(Yl /u2, * * *, Yq/2L2)u2)p+q+2 
. (22 - F3(V/% * . . ,%/‘1LI) - F4(wl/u2,. . . ,%/U2)u2)f+S+2 
. q+T+2g+s+2 
2 
= 1, 
then M is a proper affine sphere, homogeneous if all iV; are paraboloids. 
(3) Let Ml, M2 and A43 as in (2). We define a hypersurface M of RP+q+r+3 by the 
equation 
z = Fl(sl/x,..., up/+ + (Y - &(YI, . . . , yq>>x + F3(~1,. . . , G), 
then M has rank one shape operator, unless p = q, when M is an improper affine 
sphere. Moreover, ikl is homogeneous if all h/r; are paraboloids. 
Using the techniques developed in this paper, one can construct a lot of homogeneous 
hypersurfaces. In [6] we have showed that in fact a locally strongly convex, locally 
homogeneous hypersurface whose shape operator has rank one is the composition of 
two convex paraboloids as in Section 4. For non convex hypersurfaces there are more 
types of examples, as follows from Sections 9 and 10. In a forthcoming paper [7], we 
will show that all locally strongly convex locally homogeneous hypersurfaces of IW~ can 
be constructed as in this paper. 
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